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Using small colloidal clusters with dumbbell, triplet, tetrahedral, octahedral geom-
etry as elementary building blocks, we investigate the templated-assisted cluster-
cluster aggregation into hierarchical clusters, namely superclusters, by means of
Monte Carlo simulations. We find that the colloidal superclusters made of dumb-
bells and triplets produces a unique structural motif that is similar to that of clusters
of single colloids, whereas the superclusters composed of tetrahedral and octahe-
dral clusters possess a more complex structure. However, despite their complexity,
such structures can be predicted based on a decomposition using triplets as a core
and the number of initial “building block” clusters. In particular, a majority of
the observable superclusters are members of a particular category of nonconvex
deltahedra (Cundy deltahedra). These findings could be useful in preparation of
complex colloidal molecules. © 2018 Author(s). All article content, except where
otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5055638

I. INTRODUCTION

Colloidal clusters or “colloidal molecules” are of great of interest for unique photonic, optical,
magnetic and electric applications in addition to resembling pretty much those of molecules.1–5

Manoharan, Elsesser, and Pine6 reported a templated-assisted strategy for preparing large quantities of
clusters consisting of colloidal spheres. In this method, colloidal particles are absorbed at the oil/water
interface to stabilize the Pickering emulsion (Pickering effect). During the subsequent evaporation
of the oil droplets, colloidal particles are forced to pack into clusters by capillary forces and strongly
bound together by van der Waals attractions. Surprisingly, for a given number of constituent spheres,
nc, the final clusters exhibit unique configurations. Such optimal structures were later confirmed in
computer simulations based on a pure geometrical confinement.7

The assembling strategy developed by Manoharan, Elsesser, and Pine6 has been widely used in the
preparation of clusters of single microspheres for a wide range of colloidal materials or under different
experimental conditions such as oil-in-water emulsion,8–11 water-in-oil emulsions12,13 and aerosol
droplets.14 The technique was also extended to assemble nano-sized particles by Wittemann and
coworkers.3,15–18 Another interesting feature of the method of Manoharan, Elsesser, and Pine6 is that
colloidal particles do not necessarily have to be spherical or isotropic interactions. Recently, clusters
have been produced from dumbbell-shaped particles19,20 or from single patch colloids.21 Schwarz
et al.18 firstly modeled and carried out Monte Carlo simulations for a binary mixture of emulsion
droplets and single colloidal particles to study the process of cluster formation. The simulated cluster
structures of spherical colloids range from doublets, triplets, tetrahedra to convex polyhedra, in
good agreement with experimental results.6,18 Such clusters can in turn be used as elementary units
to build up new hierarchically organized materials. For this purpose, the authors investigated the
templated-assisted assembly of tetrahedral clusters and found superclusters which are inaccessible at
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the clusters made of single colloids. For example, the gyroelongated triangular bipyramid (octahedral
dipyramid) is formed by two tetrahedral building blocks with two bases twisted by an angle 30◦ with
respect to each other. Another example for this category is a supertetrahedron, a supercluster built
from four tetrahedral clusters packed into a tetrahedral geometry.18 However, Schwarz et al.18 only
predicted superstructures to the case of tetrahedral clusters used as initial building blocks. In addition,
the relationship between characteristic elements of these superstructures, such as edges, faces and
vertices, has not yet been recognized.

Deltahedra are a set of polyhedra composed entirely of equilateral triangles. It is well-known
that there are exactly eight convex deltahedra,22 in contrast to an infinite number of nonconvex ones.
In 1952, Cundy identified 17 nonconvex deltahedra with two kinds of polyhedron vertices, i.e. a
set of vertices is of the same kind if there is a subgroup of the symmetry of the solid transitive on
the set.23 Olshevsky24 conducted an extensive search and found additional 11 examples. Some of
these structures, for example: tetraugmented icosahedron and tetragyraugmented icosahedron, are of
interest in their own chirality to biology, chemistry and physics.25

In the present paper, by considering various systems composed of one cluster species or of two
different cluster species, together with emulsion droplets, we are able to predict the intricate super-
clusters structures formed. Surprisingly, such structures are very similar to nonconvex deltahedral
structures which have not been observed both experimentally and numerically in colloidal molecules.
In addition, we find that the supercluster configurations are unique, i.e. possess a single well-defined
geometry, for a given number of building blocks.

The remainder of the paper is organized as follows. Sec. II presents the description of the
interparticle interactions and the simulation method. In Sec. III A, we discuss the dynamical process
of the supercluster formation, together with the quantitative correlation functions, and the cluster
size distribution function. Sec. III B gives an analysis in detail the results for supercluster structures.
Finally a conclusion with future work is given in Sec. IV.

II. MODEL AND METHOD

We prepare starting configurations in the simulation composing of one/two of four cluster species,
i.e. dumbbell, triplet, tetrahedron or octahedron. The reason for choosing these cluster species is that
all the center-of-mass positions of the spheres in the initial clusters are symmetrically equivalent, so
we expect that the final superclusters would be highly symmetric configurations.

An example of a model system of a ternary mixture of tetrahedral clusters, octahedral clusters and
droplets is pictured in Fig. 1. The colloids within the clusters interact via a strong, short-range attrac-
tive potential, while at large separations they interact with a screened Coulomb repulsion (Yukawa
potential). Such a choice is driven by two reasons. Firstly, the short-range attractive potential is a good
approximation for many colloidal systems (i.e, colloids with depletion interaction, grafted colloids,

FIG. 1. Sketch of a mixture of clusters built up of colloidal particles (red spheres) in the octahedral and tetrahedral configura-
tion. Droplets served as spherical templates with time-dependent diameter σd (t) are shown in gray spheres. The hierarchical
aggregation is a two-stage process. (a) Small initial cluster adsorbs onto the droplet surface in the early stage. (b) The shrinkage
of the droplet forces the small clusters into a larger cluster, namely supercluster. The above label presents that the supercluster
is composed of two tetrahedral clusters and one octahedral cluster.
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etc.). In addition, it possesses many relevant characteristics of vast range of potentials, i.e hard-core
repulsion and short-ranged interaction. Secondly, the Yukawa potential describe charge-stabilized
colloidal suspensions and provide a potential of variable shape. The colloid-colloid pair potential
φcc(r) at a separation r is therefore written as

φcc(r)=




∞ r < σc

−εSW σc < r < rSW

εY
exp[−κ(r − σc)]

r
otherwise,

(1)

where σc is the diameter of colloids. Equation (1) involves four parameters: εSW, rSW the depth
and width of the square-well potential, respectively; εY the well depth of the Yukawa potential
with the inverse Debye length κ, which is familiar from charged colloids in solutions. The general
shape of the potential function φcc(r) for a set of parameters used in the simulations is shown in
Figure 2(a). Here we choose the sufficiently large strength of the attractive interaction (−9kBT,
with kB being the Boltzmann constant and T being the temperature) to ensure the stability of the
initial building blocks, and of the superclusters once formed via droplet evaporation against thermal
fluctuations. The repulsive barrier of the Yukawa potential is also set to be large enough in order to
prevent the formation of spontaneous superclusters. It should be noted that one can choose a wide
range of parameter space, subject to two constraints mentioned above, without affecting the final
outcome. Therefore, for the sake of simplicity we consider only the symmetric potential well with
max(βφcc) = | min(βφcc)|.18,20,21,26 This simple potential is very similar to that of Mani et al.,27 which
is relevant to a real, physical system. For example, the repulsive parameters between the colloids can
be tuned in experiments by changing pH, concentration of salt and composition of the solution.27

The width of the square well potential rSW is also used as a criterion for determining a bond
between two colloids, i.e., when the colloid-colloid distance is smaller than rSW, two colloids form
one bond. A cluster is defined as a group of colloids connected with each other by a chain of bonds,
and a supercluster is a group of connected clusters.

The droplets are taken to be hard-spheres of effective diameter given byσeff
d =σd +σc +d, where

σd is the hard-sphere diameter of droplets. An additional term σc + d, where d is the diameter of the
circumscribed sphere of initial clusters, is to avoid any shared clusters between the two droplets, as
illustrated in Fig. 2(b), given by

φdd(r)=



∞ r < σeff
d

0 otherwise.
(2)

The colloids adsorbing onto the interface between the two liquid phases stabilize the Pickering
emulsion (see Fig. 3). The adsorption energy, for colloidal particles in the micro to nano scale, is

FIG. 2. Pair potential for colloids and droplets in inverse temperature units β = 1/kBT. (a) Colloid-colloid potential with
parameter values εSW = −9kBT, rSW = 1.1σc, εY = 24kBT and κ = 10σ−1

c , which is a good effective potential in studies of
the clustering of colloidal particles20,21,26 and the formation of colloidal shells.27 (b) Droplet-droplet potential of hard spheres
of effective diameter σeff.
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FIG. 3. Schematic illustration of the colloidal particle at the solvent-droplet interface, with the three-phase contact angle
θ being determined by the Young equation, cos θ = (γcd − γcs)/γds (left). The arrows indicates the direction of interfacial
tensions: γcd, colloid–droplet tension; γcs, colloid–solvent tension; and γds, droplet–solvent tension. h is the height of the
spherical cap. Adsorption energy as a function of the scaled colloid-droplet separation at σd (t)/σc = 3.0, 1.5 and 0.5 (right).

several orders of magnitude higher than thermal energy.28 In order to model this effect of the adsorption
energy, we employ a simple model in which the curvature of spherical droplets is neglected and
colloid-droplet contact angle is set equal to 90◦. See Refs. 20 and 29 for details. The colloid-droplet
interaction φcd(r) is defined as, for σd(t) > σc with σd(0) = 8σc,

φcd(r)=


−γπσdh

σd − σc

2
< r <

σd + σc

2
0 otherwise,

(3)

and for σd(t) < σc,

φcd(r)=




−γπσ2
d r <

σc − σd

2
−γπσdh

σc − σd

2
< r <

σc + σd

2
0 otherwise,

(4)

where h = (σc/2 − σd /2 + r)(σc/2 + σd /2 − r)/(2r) is the height of spherical cap of the colloid-droplet
cross intersection, and γ is the interfacial tension, γ = 100kBT/σ

2
c .

We carry out cluster-move Monte Carlo (MC) simulations in the canonical ensemble, which was
formally described in Ref. 18. In each sweep of MC simulation, the colloids and droplets move with a
maximum MC trial displacement 0.01σc and 0.01σc

√
σc/σd , respectively. Use of such displacement

steps may reproduce the correct dynamics and is much more efficient to run than Brownian dynamics
simulation.30 To mimic the emulsion droplet evaporation, the diameter of the spherical droplets is
slowly reduced at a constant rate such that all the droplets vanishes after one-half of the simulation
time. The droplet diameter decreased linearly with the simulation time t, and therefore the droplet
volume is a monotonically decreasing function of t3. In the limit of a sufficiently small evaporation
rate, the difference in slope between the volume and diameter of the droplet with time is negligible.
Moreover, as the evaporation rate is kept low to allow the particles to reach equilibrium during the
evaporation of the droplet, we do not expect it to have a significant effect on the final results. In addition
to single-particle translational moves, the collective motion of particles in the cluster, i.e., collective
translational and rotational cluster moves,31,32 is taken into account. The clusters (superclusters) are
rotated around a random rotation axis with a maximum angle θr

cls = 0.01σc/σcls and translated with a
maximum linear displacement dt

cls = 0.01σc/ 6
√

nc with nc number of constituent colloids in the cluster
and σcls the effective diameter of the cluster taken to be σcls = 3

√
ncσc. The choice of translational

and rotational motions that satisfies the conditions for the translational diffusion constant according
to the Stoke-Einstein equation D= kBT

3πησcls
is to approximate a hydrodynamic damping of a spherical

cluster. Moreover, these cluster moves are proposed and accepted according to the principle of detailed
balance, i.e. any cluster-cluster aggregation or cluster-particle aggregation that is not induced by the
droplets is rejected.29
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The colloid packing fraction is fixed at 0.05 with total number of colloids 1200 equally divided
between two different cluster species. The droplet number is 12 at the droplet packing fraction 0.256.
The droplets and cluster species are randomly initialized in a cubic box with non-overlap condition
among particles. The total number of sweeps in the MC run is 107. In each sweep an attempt to displace
each particle/cluster once on average is performed. The sampled quantities are collected from twenty
independent simulation runs. To confirm the stability and the particular geometric structure of the
obtained superclusters we use direct visual inspection of the superclusters obtained together with
monitoring both the number of superclusters and the number of bonds in the superclusters as a
function of MC time for an additional 106 MC sweeps and find no change in these quantities. For
symmetry detection, we use a program that identifies the point group and also determines the chirality
of supercluster structures.33,34

For convenience, each simulated system is represented by a pair (X,Y) where X,Y = 2, 3, 4, 6
correspond to dumbbell, triplet, tetrahedral and octahedral clusters, respectively, whereas XmYn (m, n
refer to the number of clusters of each species X,Y) represent the stoichiometry of the supercluster. For
example, the supercluster, as shown in Fig. 1(b), formed by two tetrahedral cluster and one octhedral
cluster, is therefore labeled by 4261. Additionally, each supercluster can be further characterized by
the number of constituent colloids, nc, the number of bonds, nb.

III. RESULTS AND DISCUSSION

A. Supercluster formation

During the dynamic process of supercluster formation, a cluster can undergo successive trans-
formations from a free cluster to the cluster trapped at the droplet surface, then cluster bonding to
other clusters to form a supercluster. To illustrate this point, Fig. 4 shows a series of snapshots of the
simulated system that contains a mixture of droplets and “building block” octahedral and tetrahedral
clusters. Figure 4(a) shows the initial configuration consisting of non-overlapping spheres of large
spheres (droplets) and small spheres (colloids). After 106 MC sweeps (Fig. 4(b)), some colloids in

FIG. 4. Snapshots of representative simulation consisting of droplets and octahedral and tetrahedral clusters. Droplets are
shown as light cyan spheres, while the colors of the colloids represent their state during the dynamic process. The purple spheres
indicate the colloids bonded to free octahedral or tetrahedral clusters, the green spheres are of the colloids that are trapped
at the droplet surface and the red ones are of the colloids that belong to the droplet-induced superclusters. The snapshots are
taken at (a) initial configuration, (b) after 106 MC, (c) after 4 × 106, (d) after 5 × 106, (e) after 7.5 × 106 and (f) after 107 MC
sweeps.
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the cluster adsorb on the droplet surface (green). After 4 × 106 MC sweeps, the subsequent shrinkage
of the droplets forces small clusters to form larger superclusters (red) shown in Fig. 4(c). In Fig. 4(d),
the droplets have just completely vanished, leaving only the colloids in the superclusters. Then, after
7.5 × 106 and 107 MC sweeps, these superclusters still exist in the stable state against thermal
fluctuations (see Fig. 4(e)-(f)).

The dynamical evolution of the system is also quantitatively analyzed by monitoring the number
fractions of superclusters that corresponds to each the states as described above. Figure 5 shows
how the fractions of clusters varies with respect to the number of MC sweeps. Starting from the
initial configuration of free clusters (red curve), the number of free clusters decreases gradually, in
contrast to an increase of the number of clusters in contact with the droplets (blue curve) until the
all droplets vanish after 5 × 106 MC sweeps. At the same time, the superclusters induced by the
droplets (brown curve) starts at 3.5 × 106 MC sweeps, increases incrementally and reaches a steady
value on a time of 107 MC sweeps. The yield of the superclusters is determined to be around 20%
for the system considered. In addition, the number of spontaneously formed superclusters occupies
only a very small fraction (below 1%) of the total number of superclusters (purple curve). This is
intuitively reasonable, since the repulsive barrier of 9kBT is high enough to prevent spontaneous
clustering. To achieve a desired level of algorithm convergence for the supercluster structure, we
also use the total energy and bond number of the superclusters as a function of the MC time to
ensure a constant value for both these quantities. For example, the total energy is shown in the dashed
curve in Fig. 5. Starting from the nearly zero initial value, U tot decrease steadily to the minimum
value due to a continuous capture process of free clusters at the droplet surface. The minimum value
U tot indicates that the number of free clusters adsorbed at the droplet surface may be maximized
(or saturated) after about 3.2 × 106 MC sweeps, in agreement with the result of maximization of
number of clusters in contact with the droplets as discussed above. At the next stage, when the
droplet diameter becomes smaller than the colloid diameter, some clusters are no longer confined to
the droplet surface and therefore do not possess the adsorption energy due to the Pickering effect. As
a consequence, the total energy of the system increases until all the droplets vanish completely after
5 × 106. Later, the total energy reaches a constant value, showing that the system is in the stable final
state.

Figure 6(a) shows the colloid-colloid pair distribution function, gcc(r), in various mixtures of
cluster species in the final stage of the computer simulations. As one can see here, gcc(r) exhibits
a pronounced first peak at r = σc corresponding to a bond length of two colloidal particles and
is followed by a sequence of oscillatory peaks at larger distances. The presence of the peaks at
r ≈ 1.71σc, 1.79σc and 2.03σc is indicative of a short-range order as a result of cluster-cluster
aggregation. The increase of these peak intensity with increasing size of building blocks reflects

FIG. 5. Number fractions of clusters in the different states as a function of the MC time for octahedral-tetrahedral clusters
and droplets. The symbol line curves are for different cluster states as indicated in the legend. The dashed curve represents the
total energy of the system, U tot scaled in inverse temperature. The inset shows the change in the scaled diameter σd (t) (left
y-axis) and volume Vd (t) (right y-axis) of the droplet with simulation time.
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FIG. 6. Colloid-colloid radial distribution function (a) and static structure factor (b) for systems of different cluster-cluster
mixtures in the final state of the simulations. Different colored curves correspond to different systems as labeled, for example,
the (3,4)-system represents the initial system made of triplet and tetrahedral clusters.

the formation of larger-sized superclusters. The static structure factor Scc(k) related through a spatial
Fourier transform to the radial distribution function g(r) is shown in Fig. 6(b). In all cases the structure
factor shows a liquid-like short-range order, with a wavelength of 2π/σc due to the sharp peak of the
colloid-colloid pair distribution functions at r = σc. At low wavevectors, Scc(k) has two important
peaks, the first pronounced one at kσc = 1.1 is related to intercluster interactions and the less intense
second one at kσc = 7.0 is attributed to interparticle correlations. From these two k-values, the average
intercluster distances are roughly estimated to be a factor of seven larger than the average interparticle
distances. At high wavevectors, the structure factor is typically a decaying sinusoidal oscillation and
Scc(k) tends to unity at infinity, consistent with its definition.

More information about the supercluster formation can be extracted from the histogram analysis
of the supercluster distribution. We consider the distribution histogram for three systems of the same
cluster species: (6,6); (4,4); and (3,3), as examples. In Fig. 7(a), the supercluster size distribution is
defined as the number of superclusters of size nc, Nnc , after normalization as P(nc)= 1

Z Nnc with the
normalization factor Z =

∑∞
nc=1 Nnc . Similarly, the supercluster bond distribution is the normalized

number of superclusters of bond nb [Fig. 7(b)]. For the (6,6) system the size distribution shows a
decay behavior, meaning that the probability of finding larger superclusters is smaller. However, for
the (4,4) system the superclusters composed of 16-24 colloids, or equivalently the stoichiometry
44 and 46, have the largest probability. A similar trend is observed in the (3,3) system where the
majority of the superclusters belongs to the 37 and 38 configuration. The resulting difference in the
distribution shape between the (6,6) system and the (4,4) or (3,3) system can be explained as follows.
At the same colloid packing fraction, the number of initial building blocks in the (4,4) system is
higher compared to that of the (6,6) system. As a result, the probability to capture the building blocks
in the early stages of the simulation, which leads to an increase the yield of the superclusters of more
subunits, in the former is larger than that in the later. Obviously, one can easily control the supercluster
distribution by tuning the colloid and droplet packing fraction, and/or by increasing the initial droplet
diameter.29
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FIG. 7. (a) Supercluster size distribution histogram and (b) bond distribution histogram for three different systems listed in
the legend. Because of a low probability of finding superclusters with nb > 52 (below 1%), the nb > 52 bar is omitted.

B. Supercluster structure

We first consider the hierarchical assembly of the (3,4) system consisting of triplets and tetra-
hedral clusters. Figure 8 shows the typical supercluster structures, i.e. superclusters have a high
frequency of occurrence, obtained in the final stage of the computer simulation. A small number of
other stoichiometries, such as 45, 3442, 3343 which typically contain more colloids, is not shown.
The structures are classified into three categories. Both the first category I [Fig. 8(a)-(d)] and sec-
ond category II [Fig. 8(e)-(g)] include only the superclusters which are built up from purely triplet
and tetrahedral building blocks, respectively, while the third category III [Fig. 8(h)-(m)] lists the
superclusters formed by 3m4n-binary hybrids (m, n > 0). We observe that in all three categories the
superclusters possess a unique configuration with a well-defined geometry for a given number of con-
stituent building blocks. In category I, the superclusters for nc612 have the same structure as clusters
observed through the evaporation-driven assembly of single particles6,29 and symmetric dumbbell
particles,20 including 32-octahedron (nc = 6), 33-tetracaidecadeltahedron (nc = 9) and 34-icosahedron
(nc = 12).

Note also that these cluster configurations are also members of a set of only eight convex deltahe-
dra22 and minimize the second moment of the mass distribution.35 For nc = 15, however, differently
from a cluster with a convex, highly symmetric configuration in the case of single particles6 we find
a nonconvex polyhedron, namely gyraugmented icosahedron that is constructed simply by joining
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FIG. 8. Supercluster structures obtained from a triplet cluster-tetrahedral cluster aggregation. Colloids belonging to the same
initial building block are displayed in the same color. The line connecting the colloid centers displays the bond skeleton. Each
supercluster structure is represented by a polyhedron formed by drawling lines from the center of each colloid to its neighbors.
Above is the stoichiometry of the supercluster; see text for details.

an appendage triplet to a core iscosahedron [Fig. 8(d)]. In other words, there is one internal triplet
colored in yellow surrounded by other triplets. While clusters adsorbed at the droplet interface, there
does not appear to be a route to an internal triplet upon collapse, minimizing the second moment of
the mass distribution does decrease in the rearrangement, and produces an unusual structure.6 In our
case, we suppose that such a structure might be a direct result of its steep attraction and the resulting
slow equilibration of the supercluster geometry. As category II of Fig. 8, superclusters containing
two, three and four tetrahedral building blocks have more complex configurations. For example, the
gyroelongated triangular bipyramid 42 [Fig. 8(e)] is an octahedron with two tetrahedra joined to two
opposite faces, creating a trigonal trapezohedron, with coplanar equilateral triangles merged into
60-degree rhombic faces. Although made with equilateral triangles, the 42-structure is not a strictly
convex deltahedron because it has coplanar faces. Figure 8(f) shows the supercluster of three tetrahe-
dra (43), called the triaugmented tetracaidecadeltahedron, i.e. a core tetracaidecadeltahedron to which
three tetrahedra have been adjoined. In Fig 8(g), the 44-supercluster configuration (tetraugmented
icosahedron) is constructed directly by augmenting a core icosahedron with four appendage tetrahe-
dra at tetrahedrally located faces. This configuration is actually a biform nonconvex deltahedron but
was not listed in Cundy’s original table.23 For the superclusters of category III which contain exactly
two different building blocks 3m4n, we observe a wide variety of new superstructures as a result of
various combinations of n and m. For example, for n, m = 1, the structure of the (3141)-supercluster
[Fig 8(h)] is an augmented octahedron that may be regarded as the augmentation a tetrahedron and
an octahedron, or as a tetrahedron with three of four of its vertices rectified. The supercluster with n
= 2, m = 1 (3241) and n = 3, m = 1 (3341), as shown in Fig 8(i)–(j), can be similarly seen by simply
augmenting a core tetracaidecadeltahedron, icosahedron, respectively, with a tetrahedron at one of
its faces. Figure 8(k)–(m) shows three other examples of superclusters at different values of m, n.

Note also that the octahedral dipyramid is formed by an octahedron and two elongated faces,
the triaugmented triangular prism tripyramid is an triaugmented triangular prism and three elongated
faces, and isocahedral four-pyramid is an icosahedron with four elongated faces.

One important feature in the geometry of all these superclusters is that their structure can be
easily predicted based only upon original triplet clusters in the following way,

nc 7→ 3m4n ≡ 3m + 4n= 3(m + n) + n

≡ 3m+n1n, (5)
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with n, m = 0, 1, 2 and nc being the number of constituent colloids in the supercluster. Therefore,
each structure 3m4n in Fig. 8 may be expressed in terms of the structure of 3m+n augmented with the
structure 1n with 1n being n single colloids. More specifically, each supercluster structure 3m4n can
be decomposed into one core polyhedron with a known 3m+n geometry belonging to category I [see
Fig. 8(a)-(h)] and m appendage tetrahedra located outside this polyhedron.

The above remark is also applicable to the superclusters formed by the hierarchical assembly of
both the (3,6) and (4,6) mixtures. The 3m6n structure can be written as

3m6n ≡ 3m + 6n= 3(m + n) + 3n

≡ 3m+n3n. (6)

Equation (6) implies that one may achieve the 3m6n structure by symmetrically joining suitable
appendage triplets 3n to a uniform core polyhedron 3m+n. Similarly, we could construct the complex
structures for the 4m6n supercluster in terms of the elementary building units in the following equation,

4m6n ≡ 4m + 6n= 3(m + n) + m + 3n

≡ 3m+n3n1m. (7)

Thus, a supercluster of 4m6n is a merge of one 3m+n polyhedron as a core, n triplets and m
single particles. Some typical examples of the 3m6n and 4m6n superclusters are shown in Fig. 9.
The structure 3161 = 3231 corresponds to an octahedron whose a face is joined by a triplet, forming
a confacial bioctahedron or face-sharing bioctahedron [Fig. 9(a)]. This familiar structure occurs in
many common molecules or coordination complexes, e.g. complexes of molybdenum and tungsten.36

Figure 9(b) shows the 3261 structure, or equivalently 3331, comprising one tetracaidecadeltahedron
and one octahedron joined at a common face, here the octahedron acts as an appendage to the
tetracaidecadeltahedron. The 62 = 323131 superlcuster structure, shown in Fig. 9(c), namely the
digyraugmented octahedron, consists of a tower of three octahedra, that is, an octahedron with two
more octahedra joined to two opposite faces. Here the right and left octahedra act as appendages to
the middle one. Figure 9(d) shows the structure consisting of three octahedral building blocks. The
trigyraugmented tetracaidecadeltahedron is formed by one tetracaidecadeltahedron acting as a core
and three more octahedra joined at three triplet located faces.

In the general case, we suggest that the following formula can be used to reduce supercluster
structures to a simpler form.

XmYn ≡Xm + Yn

≡ 3(m + n) + (X − 3)m + (Y − 3)n

≡ 3m+n(X − 3)n(Y − 3)m. (8)

Equation (8) is tested against the results of simulations for all values of n, m66, and good
agreement is confirmed. However, for large size superclusters, we did not attempt to verify
the predicted equation, because it is difficult to identify the geometric symmetry of such large
nc–polyhedra.

FIG. 9. All conventions are similar to Fig 8, but here we show the superclusters for the triplet cluster-octahedral cluster
aggregation and tetrahedral cluster-octahedral cluster aggregation.
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TABLE I. Characteristics of supercluster packings built from elementary building blocks as a function of the number of
constituent colloids nc, number of bonds nc, number of polygonal faces nf , stoichiometry, Schönflies point group and name
of the polyhedron, and 3i (i = 3 � 7) is the number of vertices at which i triangles meet.

Schönflies
nc nb nf Stoichiometry point group 33 34 35 36 37 Name

6 12 8 32 Oh 0 6 0 0 0 octahedrona

7 15 10 3141 C33 1 3 3 0 0 augmented octahedron
8 18 12 42 D3d 2 0 6 0 0 gyroelongated triangular bipyramid
9 21 14 33 D3h 0 3 6 0 0 tetracaidecadeltahedrona

9 21 14 3161 D3h 0 6 0 3 0 gyraugmented octahedron
10 24 16 3241 Cs 1 2 5 2 0 augmented tetracaidecadeltahedron
10 24 16 4161 C33 1 3 3 3 0 augmented gyraugmented octahedron
11 27 18 3142 Cs 2 1 4 4 0 biaugmented tetracaidecadeltahedron
12 30 20 34 Ih 0 0 12 0 0 icosahedrona

12 30 20 43 C3h 3 0 3 6 0 triaugmented tetracaidecadeltahedron
12 30 20 62 D3d 0 6 0 6 0 bigyraugmented octahedron
12 30 20 3261 Cs 0 3 6 3 0 gyraugmented tetracaidecadeltahedron
13 33 22 3341 C33 1 0 9 3 0 augmented icosahedron
14 36 24 3242 Cs 1 3 3 0 0 biaugmented icosahedron
14 36 24 4261 Cs 2 3 2 5 2 biaugmented gyraugmented tetracaidecadeltahedron
15 39 26 35 C1 0 3 9 0 3 gyraugmented icosahedronb

15 39 26 3143 C1 3 0 3 9 0 triaugemented icosahedronb

15 39 26 3361 C1 0 3 9 0 3 gyraugmented icosahedronb

16 42 28 44 C1 4 0 0 12 0 tetraugented icosahedronb

18 48 32 63 Cs 0 9 0 3 6 trigyraugmented tetracaidecadeltahedron
24 44 66 64 C1 0 12 0 0 12 tetragyraugmented icosahedronb

aFamiliar convex deltahedron.
bChiral structure.

Let us now consider the geometric relation between the number of vertices (number of colloids
nc), number of edges (number of bonds nb) and number of faces nf . It is known that in the case
of single particles the cluster structures are convex deltahedra,6 except for the cluster containing
11 particles, and therefore satisfy the relations nb = 3(nc − 2) and nf = 2(nc − 2). Surprisingly,
for most supercluster structures observed the relation nb = 3(nc − 2) is obeyed, or equivalently
their corresponding polyhedron are only composed of equilateral faces. However, unlike the Euler
characteristic χ of 2, i.e. defined as χ = nc − nb + nf , for convex deltahedra we find strong variations of
χ in the range of 2-6 in the supercluster geometry from convex behavior. To summarize, we list typical
superclusters (nc up to 18) which are found in the computer simulations for various stochiometries
in Table I.

IV. CONCLUSIONS

A simple model for a binary mixture of emulsion droplets and colloidal spheres was previously
used to explore the particular structures of small-size clusters, such as the dumbbell, triplet, tetra-
hedron, octahedron.29 This process can be considered as the first step to produce the clusters with
special symmetries. Here, we have studied a second step of droplet-based hierarchical assembly in
which such small clusters are served as elementary units to build up to far intricate superstructures.

For the case of a system containing pure triplet clusters, the superclusters exhibit a unique
configuration identical to that of deltahedra for the number of constituent colloids up to 15. Notably,
except for the nonconvex structure of 35 supercluster whose geometry can be decomposed into
an octahedron and an icosahedron, the remaining superclusters are identical to those found in the
emulsion-assisted assembly of single colloids. This result, in combination with our previous study
of the cluster structure of colloidal dumbbells with symmetric sizes,20 suggests that the templated-
assisted method produces a unique structural motif of clusters made of colloidal singlets, doublets
and triplets. In other words, the M2-minimal rule is not only true for single colloids but also for
colloidal dumbbells, colloidal triplets.
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However, for the system of tetrahedral clusters, the M2-minimal rule no longer holds. Instead,
we observe several complex structures with particular symmetry, i.e. an octahedral dipyramid (42),
a triaugmented triangular prism tripyramid or a pinwheel-like (43) and an isocahedral four-pyramid
(44). Similar results are obtained for systems of octahedral clusters or hybrid clusters; two typical
examples of chiral superclusters are shown to be a tetraugmented icosahedron and tetragyraugmented
icosahedron. Despite their complexity all structures of superclusters can be predicted by a simple
decomposition analysis using triples as a core.

Our findings have shown that superclusters with defined configurations can be produced from
simple building blocks. Future work could be directed towards studying the packings of the above
nonconvex superclusters37 for liquid crystal phases38 and photonic crystals.39 Moreover, under-
standing the basic physical principles underlying M2-minimal clusters in relation to polyiamonds
in the two-dimensional system, deltahedra in the three-dimensional system, and n-deltatopes in the
n-dimensional system, could be interesting.
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3 C. S. Plüisch and A. Wittemann, Macromol. Rapid Commun. 34, 1798 (2013).
4 E. Duguet, A. Desert, A. Perro, and S. Ravaine, Chem. Soc. Rev. 40, 941 (2011).
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